Let G be a finite solvable group. Write δ * (G) for the number of conjugacy classes of non-abelian subgroups of G, and by d(G) denote the length of derived subgroups. In this paper an upper bound of d(G) is given in terms of δ * (G). MSC: 20D10; 20D20
Introduction

In this paper G is a solvable group of finite order and let d(G) denote the derived length of G. By δ(G) denote the number of conjugacy classes of non-cyclic subgroups of G. It can be proved (see [, Theorem .]) that d(G) ≤  δ(G) - / + .
This gives an upper bound of the derived length of G. Note that this bound is not nice, for which we have an improvement in this note. In this paper by δ * (G) denote the number of conjugacy classes of non-abelian subgroups of G, which will replace δ(G).
Recall some information about a formation which is required in this note. A class F of finite groups is called a formation if G ∈ F and N G then G/N ∈ F , and if G/N i (i = , ) ∈ F then G/N  ∩ N  ∈ F . If, in addition, G/ (G) ∈ F implies G ∈ F , we say that F to be saturated. The class of all abelian groups is a formation but not saturated; the class of all nilpotent groups is a formation and saturated [, . Formations] .
Let F be a subgroup-closed formation. and let G F be the F -residual of G, that is,
Consider the series of characteristic (normal) subgroups of G: Here, if r satisfies G F r =  but G F (r-) = , we say that r is the F -length of G. As G is solvable, r must exist and r ≥ . Note that G/G F and G F (r-) both are in F , and
Suppose that r ≥ . Now, we are able to choose elements ) satisfying the following condition:
Define subgroups as follows:
Note that:
is a non-abelian -group, we say that the i is a λ(G). The investigation of the non-F -subgroups of G is an interesting problem.
Preliminaries
In this section we list some known results which are needed in the sequel.
Lemma  For all possible i and j we have:
In the following part F is assumed to be the class of all abelian groups. Then
Lemma  is valuable for the following proofs.
Lemma  Let G be a nilpotent group. Then that G/G is cyclic implies G is cyclic.
Proof In a nilpotent group, the derived subgroup is contained in the Frattini subgroup [, ..], so G ≤ (G) and hence G/ (G) is cyclic. Thus G is cyclic.
Lemma  Suppose that G is a nilpotent group. Then no two of M i,j for all possible i and j are conjugate in G.
Proof Assume the lemma is false. So that there exist M i,j with j ≥ r + and M i ,j with j ≥ r + which are conjugate, that is, there exists a y ∈ G such that M
Hence x i ∈ G (i) . By the choice of x i , we have i ≥ i. Similarly, i ≥ i . It follows that i = i and x i = x i . In order to finish the proof, we also claim that j = j . Suppose that j = j . Without loss of generality, let j < j . Then j +  ≤ j and
We thus get
Consequently,
Now, applying the hypothesis that G is a nilpotent group, by Lemma  we find that G Proof By the condition that G () = , so G is non-abelian, and hence every maximal subgroup of G which contains G is non-abelian, for which we write M.
As G is nilpotent, it follows that G ≤ (G) and hence M is normal. Suppose some
which is a contradiction. Thus x i / ∈ G , and it follows that
It follows that M , /G is cyclic, by applying Lemma , G is cyclic, a contradiction.
Lemma  Let G be a solvable group with d(G)
is a noncyclic -group for some fixed i ∈ {, , . . . , r -}. Fix this i and take a i for an element of G
Proof Fix i and write
where all a h are -element, and l ≥ . 
is cyclic. For any element a of
and it follows that a is a unique
Lemma  Let G be a solvable group with d(G)
= r ≥ . Suppose that for some fixed i ∈ {, , . . . , r -}, G (i) /G (i+) ∼ = Q  of order . Then G (i) is
non-nilpotent and contains an abnormal maximal subgroup K which is non-abelian such that K
, contrary to r ≥ . Now, we conclude that K i is non-abelian, as desired. Obviously, no G (s) is conjugate to K i for all possible s. Suppose that some M s,t is conju-
When s ≥ i + , then x s and G (t) both are in
a contradiction. We conclude that no M s,t is conjugate to K i .
Main results
Now, we are able to give the main theorems of this note as follows:
Proof In this section F denotes the class of all abelian groups, then G F = G and G 
By Lemmas  and  for every λ(G), G i l contains at least a non-abelian subgroup K i l , which belongs to δ * (G), so we have
No two of these subgroups are conjugate in G, therefore
That is, δ
In this case when G is nilpotent, we have the following. We conclude that d(G) =  < . and . -r = ..
Theorem  Let G be a nilpotent group with d(G)
=
